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Factor ordering problem in stochastic inflation
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The stochastic approach to inflation suffers from ambiguities due to the arbitrary choice of the time variable
and due to the choice of the factor ordering in the corresponding Fokker-Planck equation. Here it is shown that
both ambiguities can be removed if we require that the factor ordering should be set in such a way that physical
results are invariant with respect to time reparametrizations. This requirement uniquely selects the so-called Ito
factor ordering. Additional ambiguities associated with non-trivial kinetic terms of the scalar fields are also
discussed, as well as ways of constraining these ambigUi8€§56-282(199)08212-Q

PACS numbd(s): 98.80.Cq, 98.80.HwW

I. INTRODUCTION such a way that appropriately chosen probability distribu-
tions are invariant with respect to time reparametrization. |
Quantum fluctuations of the inflaton fiell play an im- ~ am going to show that such an ordering does indeed exist
portant role in the inflationary scenarios. These fluctuationgthe so-called Ito orderingand suggest that it is the correct
can be pictured as a random walk #fsuperimposed on the factor ordering to be used in the FP equation. This argument
deterministic classical evolution and can be described ins presented in Sec. lll, after reviewing the FP equation in
terms of a probability distribution satisfying the Fokker- Sec. Il.
Planck(FP) equation[1—7]. This approach, however, suffers  In Sec. 1V, | consider models with non-trivial kinetic
from significant ambiguities: the resulting probabilities de-terms for¢ which give rise to an additional factor-ordering
pend on the arbitrary choice of the time variablnd on the ~ ambiguity. | am going to argue that much of this ambiguity
ordering of the non-commuting factors in the FP equatiorcan be removed by imposing some reasonable requirements
[6-8]. on the form of the FP equation. The conclusions of the paper
The origin of the dependence on the choice bfis been are briefly summarized in Sec. V.
extensively discussed in the literatyi®-10]. In essence, the

problem is that physical volumes of regions with the fieid Il. FOKKER-PLANCK EQUATION
in any given range grow unboundedly with time. The relative . . ] ]
probabilities of different values ab are given by the corre-  We shall consider a model with several inflaton fiejfs

sponding volume ratios, and we have the usual ambiguitied=1.-.. N, described by the Lagrangian

arising when one tries to compare infinities. | suggested a 1

possible resolution of this problem in RgL1] and will have _ - Qo pa_

nothing more to say about it here. L 2(9“(!) I P7=N(H). @
In this paper we shall concentrate on probability distribu-

tions for which the divergence of the physical volume is notThe evolution of ¢ during inflation is described by the

relevant. These include the coordindtather than physical probability distributionP(¢,t)dN¢ which is interpreted, up

volume distribution for¢ and the physical volume distribu- to a normalization, as the coordinate comoving volume of

tion in models where inflation is not eternal. There are noregions with specified values @?® in the intervalsd¢® at

infinities to deal with in these cases, and one might expedime t. The FP equation foP(¢,t) has the form

that there will also be no ambiguities. One finds, however,

that there is still some dependence of the results on the N

choice oft, as well as on the factor ordering. 9 @
It has been argued in Ref8] that the factor ordering

ambiguity represents uncertainties inherent in the stochastighere the fluxJ,(¢,t) is given by

approach. The resulting uncertainties in the probabilities

have been estimated &(H?), whereH is the inflationary vorg O .

expansion rate and | use Planck units throughout the paper.  Ja=—D(¢) B&Tba[D(d)) PPI+va()P. (3

In models of new inflation wittH<1 the uncertainties are

small. Moreover, the uncertainties due to the choiceale  Here,

also O(H?), and it has been argued 8] that such uncer-

tainties are acceptable since they do not go beyond the factor D(¢)=H(¢)*"?/8x? (4)
ordering ambiguitywhich is presumably associated with the
limitations of the FP equation itself is the diffusion coefficient,
In the present paper | am going to take an alternative
approach and require that the factor ordering should be set in H(¢)=[87V(¢)I3]*? 5)
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is the inflationary expansion rate, and

1
_ a—1
va(¢)==7—H(¢) M)aH(qb) (6)
is the “drift” velocity of the slow roll. ¢-space indices are
raised and lowered using the flat metrdy,; hence,J?
=J,, etc.

The parameteB in Eq. (3) represents the ambiguity in the

ordering of the non-commuting factof3(¢) and d/d¢2.

B=0 and B=1/2 correspond to the so-called Stratonovich

and Ito factor orderings, respectively. The parameiein
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ia:—D(¢)1’2+B%&[D<¢)1’2-Bﬁ]+va<¢>>ﬁ (11

and the last term in Eq.10) represents the growth of the
physical volume due to the expansion of the universe. The
factor-ordering paramete8 could in principle be different
for the coordinate and physical volume distributions.

Ill. ITO FACTOR ORDERING AND THE TIME
REPARAMETRIZATION INVARIANCE

Let us now identify probability distributions that can be

Egs.(4),(6) represents the freedom of choosing the time vari- _expected to be invariant under time reparametrization. The
ablet which is assumed to be related to the proper time ofunctionsP(¢,t), P(#,t) are not suitable for this role, since

comoving observers by

dt=[H(#(7)]* *d, (7
where the functionsp(7) are taken along the observer's
world lines. Hence,a=1 corresponds to the proper time
parametrizationt=7 and «=0 corresponds to using the
logarithm of the scale factor as a time variable.

The FP equation applies in the regiondfspace enclosed
by the thermalization boundar§y, where the conditions of
slow roll are violated,

~27H (). 8

JH
(975;,1(%)

Here, ¢, €S, . The boundary condition oR requires that
diffusion vanish orS, :

& - j—
n F&[D(cﬁ)l’z PP]=0, ©)

wheren? is the normal tdS, [12]. Since Eq(8) is an order-
of-magnitude relation, the exact location of the surf&ge

they give distributions foip on surfaces of constant Dif-
ferent choices of the time variabteresult in different sur-
faces and different distributions. Mathematically, this is evi-
dent from the fact that the corresponding FP equations
explicitly depend on the parametet

Let us consider a large comoving region which is defined
by a spacelike hypersurfade at some initial time=0. We
shall consider a family of time variables parametrizedaby
as in Eq.(7) assuming however that the surfades0 coin-
cide with 3 for all these variables. Different parts of our
comoving region will have different evolution histories and
will thermalize with different values ofp e S, . At any time
t there will be parts of the region that are still inflating, but in
the limitt—<o all the comoving volume will be thermalized,
except a part of measure zero.

Let us introduce the distributiop(¢, )dS, which maps
the ¢-space thermalization bounda®; onto our comoving
volume. It is defined as the fraction of the comoving volume
that is going to thermalize ab, € S, in the surface element
dS, (at any time. The distributionp( ¢, ) is defined without
reference to any particular time variable, and we can expect
it to be invariant with respect to time reparametrization. Us-
ing Eq. (3) for the flux and the boundary conditig®) we
can expresp(¢, ) as

depends on the choice of a constant of order 1. Although this

introduces an ambiguity in the calculation®fwe note that

diffusion is small in the region dominated by the slow roll,

and the ambiguity in the choice &, (which necessarily lies

P(6) =@ )va(d0) | Plo, 08 (12

in that region does not significantly influence the solution of wherev () is given by Eq.(6). Now | am going to show

the FP equatiofl13].

that with Ito factor orderingB=—1/2p(¢,) is indeed in-

| have assumed for simplicity that we are dealing with dependent of the parameter

inflation of the “new” type. In the case of “chaotic” infla-
tion we would have another boundary whev¢)~1.

Quantum gravity effects become important at this Planck
boundary, and it is not clear what kind of boundary condition

has to be imposed there.

Introducing

W) =H" () foxpw,t)dt (13

The FP equation for the physical volume distribution 5 integrating the FP equati¢®) and the boundary condi-

P(#,1), defined as the physical volume of regions within
the intervalsd¢$? at timet, has the form

+3HP, (10

-

where

tion (9) overt, we obtain

(?

1 3

a7 948 l/f} Po( ),

(¢eS,).

(H3y)=0 (15)

a¢>a
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Here,Py(¢) =P(¢,0) is the initial distribution at=0 and |  modular inflation, we expecA¢~1; so this condition is
have use@3= —1/2 in Eq.(14). The thermalization bound- satisfied when the scale of inflation is well below the Planck
ary distributionp(¢, ) can also be expressed in termsgaf  scale,H(¢)<1.

The fields¢? can be thought of as coordinatesgrspace,

1 oH and the form of the FP equation should be invariant with
p(¢p,)=— yp a¢ana¢( by )- (16)  respect to the transformations
¢ ¢ (). (18)

The function () is uniquely determined by Ed14)
with the boundary conditiol5). It can then be used in Eq. Coordinates can always be chosen so gi= 6, at any
(16) to evaluate the distributiop( ¢, ). Note that the param- point in ¢-space. We then expect that in the vicinity of that
etera has been absorbed in the definiticit8) of ¥(¢) and  point the equation will take the forr(2),(3), possibly with
does not appear in Eq&l4)—(16). This shows thap(¢, ) is  corrections suppressed by some powersHoA ¢. These
independent of time parametrization. conditions are satisfied by the simplest covariant generaliza-
It is not difficult to verify that the parameter drops out tion of the flat-metric equation&),(3),
of the equations fop(¢, ) only in the case ofg=—1/2

corresponding to Ito factor ordering. We conclude, therefore, P \/— ab
that Ito ordering is the correct choice to be used in the FP ot \/— (wa KK (DP)_UbP
equation[14].

Turning now to the physical volume FP equatidf), we =V, [VADP)-v3P]=V,J2, (19)

consider models in which inflation is not eternal; that is, all

eigenvalues of the operator on the right hand side o Bl. ~ Here,K2°( ) is the contravariant metric satisfying

are negative. Then, dt—« all physical volume should be

thermalized, except perhaps a part o~f measure zero. We can K2(p)Kpo( )= 52, (20)

define the physical volume distributigp( ¢, )dS, , up to a

normalization, as the physical volume of the regions whichK=det(K,,), V, is a covariant derivative with respect to

thermalized with a givenp, €S, in the surface element ¢? and | have used Ito factor orderifg= —1/2 in Eq.(3).

dS, . The physical volume is measured at the time of therNote that the conservation of probability,

malization; sof)(¢*) is a mapping ofS, onto the thermal-

ization _hypersu_rfaceS* Which_ separates_the _infle}ting and ﬁ P\/RdN¢=—f Jads,, (21)

thermalized regions of spacetime. When inflation is not eter- s

nal, the distributiorp(¢, ) should be well defined and inde-

pendent of the time parametrization. Now, it is easily seerfollows immediately from Eq(19).

that Eqgs.(12)—(16) for the coordinate volume distribution We note, however, that the conditions of covariance and

can be applied tp(, ) as well, with only a trivial modifi- correspondence with the flat-metric form alone do not fix the
* L]

cation due to the last term in E¢LO). The same argument form of the equ_atlon ur_llqu_ely._ One could, for example, re-
o~ . ) place the covariant derivative in E€L9) by a more general

goes through, and we conclude again théb, ) is invariant expression

under time reparametrizations only with the choice of Ito

factor ordering,8=—1/2. This argument cannot be directly VALV, 4 EH2RVA+ EHZR Y, + . . ., (22)

applied to models of eternal inflation, but it is natural to

expect that the same factor ordering will apply in such modwhere R($) and R 2°(¢) are respectively the scalar curva-

els as well. ture and the Ricci tensor of thg-space and, &’ are numeri-
cal coefficients. The powers ¢f in the additional terms in

IV. DIFFUSION ON A ¢-SPACE WITH Eqg. (22_)2 are determined by dlmenSIOI”lallty. SInCER

A NON-TRIVIAL METRIC ~(A¢) <, these terms are suppressed by a fadtbiN¢) <.

Hence, Eq(19) can be used as an approximate FP equation
Let us now consider models with non-trivial kinetic terms in models withH <A ¢.
in the scalar field Lagrangian,

V. SUMMARY AND DISCUSSION

Kab(qS)a#d)a&"qsb—V(da). (17) The most satisfactory way to determine the factor order-
ing in the FP equation would be to derive it from first prin-
ciples. At present we do not have such a derivation. The

Such models arise, in particular, in the context of “modularapproach | took in this paper is phenomenological: the factor
inflation” [15]. The matrixK,u(¢) has the meaning of the ordering is determined by imposing some physically reason-
metric on the space ab® (the moduli space We shall as- able requirements on the form of the FP equation. | have
sume that the expansion ratd ¢) is small compared to the shown that for a scalar field model with a flat metric in
characteristic scal& ¢ on whichK,,(¢) vary in ¢-space. In  ¢-space K, p(®) = 84, the factor ordering is uniquely de-
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termined by requiring that physical results should not depend@H/A ¢)? in the diffusion term, where ¢ is the character-
on the arbitrary choice of the time variable. This approactistic scale of variation oK ().
selects the Ito factor ordering.

Additional ambiguities arising in models with a non-
trivial metric K,,(¢) are constrained by requiring) cova-
riance with respect to coordinate transformationgispace | am grateful to Serge Winitzki for useful discussions.
and (ii) correspondence with the flat metric case. This fixesThis work was supported in part by the National Science
the form of the FP equation up to factors of the order ofFoundation.
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